PASSIVE TRACER IN A FLOW CORRESPONDING TO A TWO 
DIMENSIONAL STOCHASTIC NAVIER STOKES EQUATIONS 



TOMASZ KOMOROWSKL SZYMON PESZAT, AND TOMASZ SZAREK 

Abstract. In this paper we prove the law of large numbers and central limit theorem 
for trajectories of a particle carried by a two dimensional Eulcrian velocity field. The 
field is given by a solution of a stochastic Navicr-Stokes system with a non-degenerate 
noise. The spectral gap property, with respect to Wasserstein metric, for such a system 
has been shown in [5]. In the present paper we show that a similar property holds for 
the environment process corresponding to the Lagrangian observations of the velocity. In 
consequence we conclude the law of large numbers and the central limit theorem for the 
tracer. The proof of the central limit theorem relies on the martingale approximation of 
the trajectory process. 



I. Introduction 

Consider the Navier-Stokes equations (N.S.E.) on a two dimensional torus T 2 , 

d t u(t, x) + u(t, x) ■ V x u(t, x) = A x il(t, x) — V x p(t, x) + F(t, x), 

(1.1) V-w(t,x) = 0, 

w(0, x) = Uq(x). 

The two dimensional vector field u(t,x) and scalar field p(t,x) over [0, +00) x T 2 , are 
called an Eulerian velocity and pressure, respectively. The forcing F(t, x) is assumed to 
be a Gaussian white noise in t, homogeneous and sufficiently regular in x defined over a 
certain probability space J 7 , P). Consider the trajectory of a tracer particle defined as 
the solution of the ordinary differential equation (o.d.e.) 

(1.2) *^± = i2(t,x{t)), x(0)=x , 

where xq G M. 2 . Thanks to well known regularity properties of solutions of N.S.E, see e.g. 
|22j . u(t,x) possesses continuous modification in x for any t > 0. However, since u(t,x) 
needs not be Lipschitz in x, the equation might not define x(t), t > 0, as a stochastic 
process over (f2, J 7 , P), due to possible non- uniqueness of solutions. In our first result we 
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construct a solution process (see Proposition 14. 6[) and show (see Corollary 14.41) that the 
law of any process satisfying (II .2p and adapted to the natural filtration of u is uniquely 
determined. 

The main objective of this paper is to study ergodic properties of the trajectory process. 
We prove, see part 1) of Theorem 13.51 the existence of the Stokes drift 

(1.3) t>* := hm — — , 

t— v+oo t 

where the limit above is understood in probability. A similar result for a Markovian 
and Gaussian velocity field u (that need not be a solution of a N.S.E.) that decorrelates 
sufficiently fast in time has been considered in [13] . Next, we investigate the size of "typical 
fluctuations" of the trajectory around its mean. We prove, see part 3) of the theorem, that 

(1.4) Z(t) := X ^~ V * f =>z, ast^+oo 

yt 

where Z is a random vector with normal distribution A/"(0, D) and the convergence is 
understood in law. Moreover, we show that the asymptotic variance of Z(t), as t — > +oo, 
exists and coincides with the covariance matrix D. 

In our approach a crucial role is played by the Lagrangian process 

ff(t,x) := u(t,x(t) +x), t>0,xeT 2 

that describes the environment from the vantage point of the moving particle. It turns out 
that its rotation in x, 

u(t, x) = rot ff(t, x) := d 2 r]i(t, x) — dirj 2 {t, x), t>0, x G T 2 , 

satisfies a stochastic partial differential equation (s.p.d.e.) (14. ip that is similar to the 
stochastic N.S.E. in the vorticity formulation, see ( 13. ip . The position x(t) of the particle 
at time t, can be represented as an additive functional of the Lagrangian process, i.e. 

x(t) = / ^(u(s))ds, 
Jo 

see the begining of Section [6] for the definition of ip*. Then, (11. 3p and (II .4p become the 
statements about the law of large numbers and central limit theorem for an additive func- 
tional of the process rj(-). 

Following the ideas of Hairer and Mattingly, see [HE), we are able to prove, see Theorem 
15.11 below, that the transition semigroup of uj(-) satisfies the spectral gap property in 
a Wasserstein metric defined over the Hilbert space H of square integrable mean zero 
functions. If ?/>*(') were Lipschitz this fact would make the proof of the law of large 
numbers and central limit theorem standard, in view of [22] (see also [HE EE])- However, 
in our case the observable V* is n °t Lipschitz. In fact, it is not even defined on the 
state space H of the process. Nevertheless, it is a bounded linear functional over another 
Hilbert space V that is compactly embedded in H. Adopting the approach of Mattingly 
and Pardoux from [22] , see Theorem 15.21 below, we are able to prove that the equation for 
oj has regularization properties similar to the N.S.E. and that u(t) belongs to V for any 
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t > 0. In consequence, one can show that the transition semigroup can be defined on tp* 
and has the same contractive properties as the semigroup defined on Lipschitz functions 
on H . The law of large numbers can be then shown, Section 16.41 by a modification of 
the argument of Shirikyan from [26] (see also [IE]). To prove the central limit theorem we 
construct a corrector field Xi see Section ISTTl over the "larger" space H. Then, we proceed 
with the classical martingale proof of the central limit theorem, see Section 16.41 Such an 
argument has been used to show this type of a theorem for a Lipschitz observable of the 
solution of a N.S.E. in [26]. The proof of the existence of the asymptotic variance is done 
in Section [631 

The model of transport in a fluid flow based on (11.21) is referred to in the literature as 
the passive tracer model (see e.g. Chapter V of [3D])- The d- dimensional vector field u 
appearing on the right hand side of (11.21) is usually assumed to be random, stationary, that 
in principle may have nothing to do with the N.S.E. Since the fluid flow is incompressible, 
equation (11.21) is complemented by the condition V x ■ u(t,x) = 0. This model has been 
introduced by G. Taylor in the 1920-s (see [28] and also [18]) and plays an important role 
in describing transport phenomena in fluids, e.g. in investigation of ocean currents (see 
[27]). There exists an extensive literature concerning the passive tracer both from the 
mathematical and physical points of view, see e.g. [20] and the references therein. In 
particular, it can be shown (see [25]) that the incompressibility assumption implies that 
the Lagrangian process u(t,x(t)), t > 0, is stationary and if one can prove its ergodicity, 
the Stokes drift coincides with the mean of the field Eu(0,0). The weak convergence of 
(x(t) — v*t)/\/t towards a normal law has been shown for flows possessing good relaxation 
properties either in time, or both in time and space, see [H |5l [121 ELY] for the Markovian 
case, or [13] for the case of non-Markovian, Gaussian fields with finite decorrelation time. 
According to our knowledge this is the first result when the central limit theorem has been 
shown for the tracer in a flow that is given by an actual solution of the two dimensional 
N.S.E. 

2. Preliminaries 

2.1. Some function spaces and operators. Denote by T 2 the two dimensional torus 
understood as the product of two segments [—1/2, 1/2] with identified endpoints. Trigono- 
metric monomials ek{x) = e 2 " 1 "*^, k = (/ci,/c2) G Z 2 , form the orthonormal base in the 
space L 2 (T 2 ) of all square integrable functions with the standard scalar product (■, ■) and 
norm | • |. For a given w G L 2 (T 2 ) let Wk = (w,ek). Let H be the subspace of L 2 (T 2 ) 
consisting of those functions w, for which wq = 0. For any r G M let 

(-Af/ 2 w := \k\ r w k e k , w G H r , 
kezl 

where H r consists of such w, for which ^2 k&Z 2 |/c| 2r |u)fc| 2 < +oo and Z 2 := Z 2 \ {(0, 0)}. We 

equip H r with the graph Hilbert norm | • | r := |(— A) r//2 • |. Let V := H 1 and let V be the 
dual to V. Then H can be identified with a subspace of V and V H V. We shall 
also denote by || ■ || the respective norm | • |i. It is well known (see e.g. Corollary 7.11 of 
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[7]) that H l+S is continuously embedded in C(T 2 ) for any s > 0. Moreover, there exists a 
constant C > such that 

(2.1) HHU < c\w\ 1+9 , vwerff). 

Here ||u>||oo := su Pa;eT 2 I w 0*0 1- m addition, the following estimate, sometimes referred to as 
the Gagliardo-Nirenberg inequality, holds, see e.g. p. 27 of [10]. For any s > 0, j3 G [0, 1] 
there exists C > such that 

(2.2) i^i^ < cH^hlf, vt«Gr(T 2 ). 

Define £ : iT -> H r+1 x if r+1 by 

(2.3) K[w) = (Ki(w), K 2 {w)) := \k\'^w k e k . 

We have 

(2.4) |/Q(u>)| r+ i < |io| r , iw G i7 r . 
For a given i£l 2 and it) G i7 r we let t x w E H r be defined by 

r^w := w(- + x) = ^2 e~ 2nik ' x w k e k . 

2.2. Homogeneous Wiener process. Write 

Z 2 + := [{kx, k 2 ) G Z 2 : £; 2 > 0] U [(k u k 2 ) G Z 2 : k x > 0, fc 2 = 0] 

and let Z 2 , := — T? + . Let (B k (t)) t >o, k G Z+, be independent, standard one dimen- 
sional Brownian motions defined on a filtered probability space (Q, J 7 , (J-i)t>o, P). Define 
B_ k {t) := .Bfc(t) for fc G Z+. Assume that the function k \-> q k is even, i.e. g_k = 
fceZj, and real- valued. A cylindrical Wiener process in H, given on a filtered probability 
space (f2, J 7 , (J^)^, P), can be written as 

W(t) := ^ B k {t)e k , t > 0. 
fcez 2 

Let Q: H — >• i7 r be a symmetric, positive-definite, bounded linear operator given by 

(2.5) Qw k := g fc ^fc, G Z 2 . 

The Hilbert-Schmidt norm of the operator, see Appendix C of [3], can be computed from 
formula 

(2-6) IMI W"^) := E H^ll^ = E l*^' 

Proposition 2.1. 7/ IIQIlL (HS) (_ffH r ) < +°° then the process {QW(t)) t>0 has realizations 
in H r , F-a.s. Moreover, the laws of the Wiener processes {T x QW(t)) t>0 are independent 
ofxe 1R 2 . 
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Proof. The first part of the proposition follows directly from Proposition 4.2, p. 88 of [3]. 
The second part is a simple consequence of the fact that the processes in question have 
the same covariance operator as {QW(t)) t>0 . □ 



3. Formulation of the main results 

In this section we make it precise what we mean by a solution of (11. 2p with vector field 
u given by the solution of the Navier-Stokes equations (II. ip and formulate precisely the 
main results of the paper dealing with the long time, large scale behavior of the trajectory. 

Since, as it turns out, the components of the solution of the N.S.E. belong to V, see [23] . 
if the initial condition uq G V, we cannot use equation (11. 2p for a direct definition of the 
solution because the point evaluation for the field is not well defined (not to mention the 
question of the existence and uniqueness of solutions to the o.d.e. in question). 

3.1. Vorticity formulation of the N.S.E. Note that the rotation 

£(t) := rotu(t) = d 2Ul {t) - d 1 u 2 {t) 
of u(t,x) = (ui(t,x),U2(t,x)), satisfies 

(3.1) dC{t) = [A£(t) - B (£(t))]dt + QdW(t), £(0) = weH, 

with a cylindrical Wiener process W(t), t > 0, on H, non-anticipative with respect to 
the filtration {J-" t , t > 0}, a certain Hilbert-Schmidt operator Q G L^hs){H,H), and 
B„(0 := £ (C,0.f e V > where 5 (/i,0 : = «"V£, with u := JC(h). Let S T := C([0, T]; H)C\ 
L 2 ([0,T];V). 

Definition 3.1. A measurable and (J-f)-adapted, if-valued process ^ = {£(£), t > 0} is a 
solution to (EH) if for any T G (0, +oo), f G L 2 (fi, f T , P) and 

(3.2) £{t) = e At w- f e Ait ~ s) B ^{s))ds+ [ e Ait - s) QdW{s) 

Jo Jo 

for all t > 0. 

The following estimate comes from [22], see Lemma A. 3, p. 39. 
Proposition 3.2. For any T, N > there exists C > such that 



(3.3) E 



sup(ie(t)i 2 +«*)ir 

*e[o,T] 



<C(l + \w\ iN ), Mw^H. 



Let tt(t) := /C (£(£)). Using the above proposition and (12. ip we conclude that 
Corollary 3.3. For any t > 0, u(t) G C(T 2 ) and 

(3.4) / ||u(s) Hoods < +oo, F - a.s. 

Jo 
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Proof. The continuity of u(t, x) with respect to x, follows from the Sobolev embedding. 
From ( 12 .4p we conclude that there exists C > such that 

(3.5) |Ks)||oo<C||£( S )||, Vs>0. 

On the other hand from ( 13.31) we conclude that for any t > there exists a random variable 
C that is almost surely finite and such that ||£(s)|| < Cs~ 1 / 2 for all s G (0, i]. Combining 
this with (I3.5P we conclude ( 13. 4p . □ 

3.2. Definition of trajectory process and its ergodic properties. 

Definition 3.4. Let Xq G IR 2 . By a solution to (ll.2p we mean any (J-^-adapted process 
x(t), t > 0, with continuous trajectories, such that 

(3.6) x(t)=x +[ u(s,x(s))ds, Vt>0, P-a.s. 

Jo 

For a given v > denote e u (w) := exp{z/|u;| 2 }, w G H. 

Theorem 3.5. Assume that Q in (14.11) belongs to L^hs){H, V) and has a trivial null space, 
i.e. Qui = implies w = 0. Suppose that the initial vorticity is random, distributed on H 
according to the law fio for which 

(3.7) / e uo (w)iio(dw) < +oo 

Jh 

with a certain uq > 0. Finally, assume that {x(t;xo), t > 0} is a solution of (II. 2p corre- 
sponding to the initial data Xq G M 2 . Then, the following are true: 

1) (Weak law of large numbers) there exists v* = f*^) G M 2 such that 

(3.8) lim X Sp- = v, 
in probability. 

2) (Existence of the asymptotic variance) there exists Dij G [0, +oo) such that 

(3.9) lim ^E[(xi(T;x ) - v* ti T)(xj(T; x ) - f*jT)] = Aj, = 1,2. 



3) (Central limit theorem) Random vectors (x(T;xo) — v*T)/yT converge in law, as 
T — > +oo, to a zero mean normal law whose co-variance matrix equals D = [D^]. 

4. Lagrangian and tracer trajectory processes 

4.1. Uniqueness in law of the trajectory process. Define the Lagrangian velocity 
process as 

if(t, x) = (r]i(t, x), r) 2 (t, x)) := u(t, x(t) + x), t>0, x G M 2 . 

Suppose that the forcing F is a white noise in time and spatially homogeneous Gaussian 
random field. Using Ito's formula we obtain that its vorticity, given by, 

u(t, x) := rot fj(t, x) = £ (t, x(t) + x) 
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satisfies u(0) = r Xo w G H and 

(4.1) du(t) = [Au(t) - B (u(t)) + Bi(w(*))]<ft + QdW(t), 

where W is an (J-i)-adapted cylindrical Wiener process on H, Q G L^ HS )(H, H) and 

B (w) := B (w,w), := 

B (h,u) := ff ■ Vu, Bi(h,u) := ff(0) ■ Vu, u <E V, 

with if := JC(h), for more details see [HI E]. Since we have assumed that u G V and, by 
the Sobolev embedding, /C(V) is embedded into the space C(T 2 ;IR 2 ) of two dimensional, 
continuous trajectory vector fields on T 2 , we see that the evaluation of ff is well defined, 
and therefore there is no ambiguity in the definition of -Bi(cu) for uj G V. 

Definition 4.1. A measurable, (J-t)-adapted, //-valued process u = t > 0} is a 

solution to (14. ip . with the initial condition w(0) = w, if for any T > 0, u 6 L 2 (Q, St, P) 
and 

(4.2) w(t)=e A *u;- f e A{t ~ s) B (oo(s))ds + f e A( ^ s) 5 1 (a;(s))ds + f e^ s) QdW{s), 

Jo Jo Jo 

P-a.s. for all t > 0. 

Sometimes, when we wish to highlight the dependence on the initial condition and the 
Wiener process, we shall write u(t;w,W). We shall omit writing one, or both of these 
parameters when they are obvious from the context. 

Using a Galerkin approximation argument, as in Section 3 of [23], see also Appendix IA1 
below for the outline of the argument, we conclude the following. 

Theorem 4.2. Given an initial condition w G H and an (Ft) -adapted cylindrical Wiener 
process [W(t)) t > , there exists a unique solution to (14.11) in the sense of Definition J^.l 



Moreover, processes {u(t;w), t > 0} form a Markov family with the corresponding tran- 
sition probability semigroup {Pt, t > 0} defined on the space Cb(H) of continuous and 
bounded functions on H . 

Using the Yamada-Watanabe result, see e.g. [21] (Corollary after Theorem 4.1.1), or 
[TT] . from the above theorem we can conclude the following result, see 



Corollary 4.3. Solutions of (14. ip have the uniqueness in law property, i.e. the laws over 
C([0, +oo); H) of any two solutions of (14. ip starting with the same initial data (but possibly 
based on different cylindrical Wiener processes) coincide. 

This immediately implies the uniqueness in law property for solutions of (11.21) . 

Corollary 4.4. Suppose that £ and £' are two solutions of (13. ip with the identical initial 
data but possibly based on two cylindrical Wiener processes with the respective filtrations 
(J-" t ) and (F't). Assume also that x(-) andx'(-) are the solutions of (II. 2p corresponding to 
u(t) = K,(£(t)) and u'(t) = /C (£'(£)), respectively. Then, the laws of the pairs (x (■),£(■)) 
and (£'(•), £'(•)) over C([0, +oo), M 2 ) x C([0, +oo), H) coincide. 
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Proof. Both cu(t, ■) = £{t,x(t) + •) and co'(t, ■) = £'{t,x'(t) + ■) satisfy flU}. According to 
Corollary 14.31 they have identical laws on C([0, +00), H) with the initial condition t xo w. 
In fact, due to an analogue of Proposition 13.21 that holds for the process oo(-), see part 1) 
of Theorem 15.21 this law is actually supported in Ll oc ([0, +00), V). We can write therefore 
that (x (■),£(■)) = and (z'(-); £'(")) = where the mapping 

tt = (*i, * 2 ) : ^([0, +00), V) -> C([0, +oc), R 2 ) x C([0, +00), H) 
is defined as 

*iP0(t) :=x + [ K(X(s))(0)ds, 
Jo 

*2(X)(!, x) := x - *i(X)(t)), VX G LjJfO, +00), V), 
and the uniqueness claim made in the corollary follows. □ 

4.2. Existence of solution of (11. 2ft . 

Definition 4.5. Suppose that (fi, J 7 , (J-" t ),P) is a filtered probability space. Let Xo € M 2 . 
By a weak solution to (11.21) we mean a pair consisting of a continuous trajectory (J-t)- 
adapted process x(t), t > 0, and an (J^-adapted solution £(£), £ > 0, to (13. ip such that 
Ml holds. 

Suppose now that we are given a filtration (J^) and an J^-adapted solution oj of (14. ip 
with the initial condition 00 (0) = t Xq w. Define (x(-),£(-)) := ^(uj(-)). One can easily 
check, using Ito's formula, that (x(-),£(-)) is a weak solution in the sense of Definition 14.51 
Therefore we conclude the following. 

Proposition 4.6. Given a filtered probability space there exists a weak solution of ( 11. 2ft . 

5. Spectral gap and regularity properties of the transition semigroup 

Here we present the basic results that shall be instrumental in the proof of Theorem 
13.51 formulated in the previous section. In case of the Navier-Stokes dynamics on a two- 
dimensional torus, corresponding results have been shown in [9], see Theorem 5.10, Propo- 
sition 5.12 and parts 2, 3 of Lemma A.l from [9]. The proofs of analogous results for the 
Lagrangian dynamics are not much different, some additional care is needed due to the 
presence of function Bi(-), but it usually does not create much trouble. We present the 
proofs of these results in Section [7] of the appendix. 

Let us introduce the space C™(H) consisting of all functionals 0, for which there exist 
n > 1, a function F from C£°(M. n ) and vectors v±, . . . , v n G H such that 

</>(v) = F({v,v 1 ),...,(v,v n )), \/veH. 

Given v > define B v as the completion of (H) under the norm 

\\<P\\ U := sup e. u (w) {\<f>(w)\ + \\D<f>{w)\\) , 

where, as we recall, e v (v) = exp{i/|w| 2 }. Here ||£)0(w)|| = supi£| <:1 |Z?0(it;)[£]|, where 
D(j)(w)[£\ denotes the Frechet derivative of a function 0: H — > K at w in the direction 
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£ G H. By B v we understand the Banach space of all Frechet differentiable functions 
such that \\4>\\y < +00. Let V(H) be the space of all Borel, probability measures on H. 
Recall also that /i* G V(H) is called an invariant measure for (Pt)t>o if 

(/i*, P t 4>) = (fr, 0), V0 G C b (H), t > 0. 

Here (fi, <f)) := j H 4>dn for any /1 G V(H) and that is integrable. Our first result can be 
stated as follows. 

Theorem 5.1. Under the assumptions of Theorem \3.5\ the following are true: 

1) there exist uq, C > such that for any v G (0, z/o] we have 

(5.1) Ee u (u{t; w)) < Ce u {w), Vt>0,weH. 

2) the constant uq can be further adjusted in such a way that for any v G (0, z/o] the 
semigroup (P t ) extends to B u and 

P t {B v ) CB U , Vt > 0. 

In addition, for any v as above there exist C, 7 > such that 

(5.2) HP^-^^H^Ce-^IHU Vt>0, <peB u , 

3) there exist a unique Borel probability measure /i* that is invariant for (Pt), arid 
such that 

(5.3) / e u (w)^(dw) < +00, W G (0, u ]. 

Jh 

The property described in (15.21) is referred to as the spectral gap of the transition semi- 
group. Since we shall use an extension of this property to functions defined on a smaller 
space than H we introduce the following definition. For N > and G C 1 (V r ) define 

I'*"" -=S (i + HI) K 

and denote by Cjf(V) the space made of functions, for which |||</>||jv < +00. 

Theorem 5.2. Under the assumptions of Theorem \3.5\ the following are true: 

1) for any t, N > there exists C t ,N such that 

(5.4) E\\u(t;w)\\ N <C t , N (\w\ 2N + l), VweH, 

2) the definition of the transition semigroup can be extended to an arbitrary <p G 
Cjy(V) fry letting Pt<f)(w) := E0(u;(t; w)), where <f) is an arbitrary, measurable 
extension of from V to H . Moreover, for any t, N > there exists C^n such 
that for any v > 0, 

(5.5) ||P^||„ < C tiJV ||M|k V0 G C l N {V). 

Combining the above result with part 2) of Theorem 15. II we conclude that the following 
holds. 
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Corollary 5.3. For any N > there exist C, h> ,j > such that for any v G (0, v ] we 

have 

(5.6) \\P t< t> - (/i*, < Cb-^\\<I>\\ n , Vt > 0, G C^(F). 
Define 

/ \ / ll^ll 2 f° r w EV, 

■- I +QO for w G #\ V. 

Corollary 5.4. For any N > we have (/i*,p ) < +oo. T/ius, m particular fi*(V) = 1. 

Proof. Suppose that [0, +oo) — > [0, R+l] is a continuous function such that (pn(u) = u 
if u G [0, -R] and it vanishes on u > R + 1. For a fixed .ft" > we denote 

Pa -H:= Yl \k\ 2 \m\ 2 - 

0<\k\<K 

Thanks to part 2) of Theorem 15.11 we have Ptp N G B u for any t > and therefore from 
fl5T4j) and we get 

(5.7) (//», P t p N K ) < P t p N ) < +oo. 
We have therefore 

(5.8) (fr, P t <p R ° Px) = (A**, <PR ° Px) < (V*, p tP N )- 

The first equality follows from the fact that /i* is invariant. Letting first K — > +oo and 
then subsequently R — > +oo we conclude the corollary. □ 

6. Proof of Theorem 13.51 

To abbreviate we assume that xq = and we drop it from our notation. Let ^* = 
(■0*^, ip* 2 ^) '■ V — > IR 2 be defined as := IC(u)(0). Since, for any s > 0, is 

embedded into C(T 2 ), for any s > there exists C > such that 

(6.1) |#HI < C\Ki(w)\x+ B < C\w\ s , \/w G H s , % = 1,2. 

It is clear therefore that the components of ip* are bounded linear functional on V and 
V>* G C\{V). Suppose also that u{t) is the solution of (17.111) with the initial data distributed 
according to /i . 

6.1. Proof of part 1). Let v* := (u^i, u*^) and v* ti := (/i*,^* ), and -0* := -0* — u*. To 
prove the weak law of large numbers it suffices only to show that for i — 1,2, 

(6.2) lim -Exi(T)=v^ and lim -^Ex 2 (T) = v\ i5 
where 

x(T) = (xi(T), . . . ,x d (T)) := / $*(u(s))ds. 

Jo 
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Using the Markov property we can write that 

(6.3) ^m(T) = (//<,, P.$®)ds, 2 = 1,2. 

Suppose that uq is chosen in such a way that the conclusions of Theorem 15.11 and Corollary 
15.31 hold. Assume also that v G (0,z/ ]. We shall adjust its value later on. By virtue of 
(15. 6 p we conclude that there exists a constant C > such that 

(6.4) \PtMw)\ ^Ce-^M Hl^lli. 

Hence, the right hand side of (16. 3 p converges to 0, by estimate (13. 7p and the Lebesgue 
dominated convergence theorem. On the other hand 



(6.5) 



2 rT rt 
J"2 




E[i/j* j i(u}(t))i/j* t i(u}(s))]dtds. 



'o Jo 

The utmost right hand side of (16.51) equals 

(6.6) ^2 J Q J ®[$*A u ( 8 )) p t-»$*A u ( 8 ))] dtds = ^ J J {VoP s ,4>*,iPt-s'4>*,i)dtds. 
Using ( 16. 4p we can estimate the right hand side of ( 16. 6p by 



(6.7) §2 J J e- j{t - s) (VoPs, $*,i\e„)dtds = °^ ^ ^ J {^P s ,\^\e v )ds. 



Applying Holder's inequality with q £ (1,1/q/u) and an even integer p such that p 1 : = 
1 — we conclude that the right hand side is smaller than 

(6.8) ^ J (to,PM P ) 1/p (toPs,ev) 1/9 te < ^ j\ ,Ps\j>*\ p ) llp ds 

for some constants C, C\ independent of T. The last inequality follows from ( 15. ip and 
( 15. 3p . Since \4>*\ p belongs to Cp(V) we conclude from Corollaries 15.31 15.41 and condition 
( 13. TP that the right hand side of the above expression can be estimated by C<{I '/ (7T 2 ), with 
C2 a constant independent of T, which tends to 0, as T — > +00. Thus, part 1) follows. □ 

6.2. Definition and basic properties of the corrector. We start with the following. 
Proposition 6.1. Functions 

(6.9) Xt ( w ) = (x ( t 1) (w),x < t 2) H):= [ P s Mw)d Sj weH, 



converge uniformly on bounded sets, as t — > 00. For any v e (0, uq] there is C > such 
that 

(6.10) \xf ] \<Ce u , Vt> 1,2 = 1,2. 
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The limit 
(6.11) 
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X = (X (1) ,X (2) ) := lim Xt 



+00 



P s ip* ds, 



* = 1,2, 



called a corrector, satisfies 
(6.12) |x W |<Ce, 
with the same constant as in ( 16. 101) . 

Proof. As a consequence of Corollary 15.31 we conclude that the functions 

P s ^\w)ds, t> 1,1 = 1,2, 



are well defined on if and converge uniformly on bounded sets. The convergence part 
of the proposition follows from the fact that there exists a constnt C > such that for 
v G (0,z/ ], 

•1 



(6.13) 



E||w(s,u;)|| 2 ds < Ce„{w), VweH, 



see (1B.2P below. This estimate together with f l6.4[) imply both (I6.10P and ( I6.12p . □ 

Proposition 6.2. One can choose vq > in such a way that G B v for any v G (0, i/q], 
i = 1,2. 

Proof Since $r G C^V), i — 1,2, from Corollary 15.31 we conclude that Pt$* G £v for 
t > 1 and there exists u > such that for any i/ G (0, u ] one can find C, 7 > 0, for which 

ll^ll^Ce-^II^Hl!, Vt>l, z = l,2. 

This guarantees that J^°° Ptipi^dt belongs to B v . Thanks to estimate (16. 121) it suffices only 
to show that 



(6.14) 



DP t ^\w)\i\dt 



To prove the above estimate note that 



<Ce v {w), Vw,£eH,\Z\<l. 



DP t il>®{w)[£]dt:=E[lC(E(l)){0)], 

where E(w) := J Q £(t;w)dt and £(t) := Duj(t;w)[£]. We have, from (16. ip for s — 1, that 
there exists C > such that 

|/C(»H)(0)|<C||HH||, VweH. 



Hence, from Proposition 17.31 we conclude that for any v > there exists C > such that 



DP t ,(>M{w)[Z]dt 



< |£| 2 Eexp <^ u\u(l)\ 



2e 



luisWds 



and (I6.14p follows from estimate (1B.2[) formulated below. □ 
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6.3. Proof of part 2). After a simple calculation we get 

1 



with 



Aj (T) 



Dim 



dUt) 



T 
1 

T 
1 

T 



-E 



^(T)^(T) =DUT) + DUT), 



\ 

T 



T-s 



P t ^[ j) dt)ds 



T-s 



P t ^dt)ds. 



It suffices only to deal with the limit of D}j(T), the other term can be handled in a similar 
way. We can write that 



Dim 



T 



T 



1 

T 



where 

(6.15) RijiT) : 

Lemma 6.3. We have 
(6.16) 



^PsM\x {l) -xf- 



^P S T^\X {3) -X%. s) ))ds 



ds 



Rij(T), 



lim RijiT) = 0. 

T-5.+oo J 



Proof. Suppose that p is a positive even integer and q is sufficiently close to 1 so that 
qv < Vq and \jq = 1 — 1/p, where v is as in (I6.10p and (I6.12p . while u is such that (13 .7p 
is in force. Then, we can find a constant C > such that 

(6.17) \x U \w)- X %- s) (w)\ q <Ce„ (w), VweH W s e [0, 1], T > 0. 

Using Proposition 16.11 and ( 13. 7p we conclude that 

lim (fi P sT , \x U) - X%. s) \ q ) = 0, Vs e [0, 1). 

Equality ( 16.161) can be concluded, provided we can substantiate passage to the limit with 
T under the integral appearing on the right hand side of ( 16. 15ft . Suppose first that the 
argument s appearing in the integral satisfies sT > 1. Using Holder's inequality, in the 
same way as it was done in ( 16.81) . and estimates ( I6.10P and ( I6.12p the expression under the 
integral can be estimated by 



(^Pst\^ i) \ p ) 1/p (^Pst, \x U) - x^n 



U) 



(6.18) 



|9\l/9 



< snp(^,Pt\^\ p ) 1/p (fioP S T, \X U) ~ X ( S(i-s)\ 9 ) 



t>l 



Since \t^*\ p G CUV) we have sup t>1 (/^o, Pt\ip*\ p ) < +oo, thanks to part 2) of Theorem 15.21 
As a result the left hand side of (16.181) is bounded for all s G [1/T, 1]. From the Lebesgue 
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dominated convergence theorem we conclude therefore that 



(6.19) 



lim 



l/T 



ds = 0. 



Next we shall prove that there exists C > such that 

l/T 



(6.20) 



< 



c 



provided that T > 1. Indeed, using first the Cauchy-Schwartz inequality and then (16.101) . 
and (I6.12p we get that the left hand side can be estimated by 




1/2 



\^{u(sT))\ 2 ds 



l/T 



1/2' 



e 2 v{u{sT))ds 



Applying Holder's inequality with q £ (1, 2) and l/p = 1 — 1/gwe get that this expression 
can be estimated by 



C I E 



l/T 



T 



\Mco(sT))\ 2 ds 



\uj(s))\\ 2 ds 



< y { 



Hs))\\ 2 ds 




e 2 v{u(sT))ds 



e 2l/ (tu(sT))ds 



9/2' 



1/2 



1/9 



provided 2v < u . The penulmative inequality follows from ( 15.1 p and assumption (]3.7p . 
while the last estimate is a consequence of (1B.3|) stated below. Thus, (I6.20p follows. □ 
We are left therefore with the problem of finding the limit of 



(6.21) 



TJ 



as T — > +oo. Let R > 1 be fixed and Pr: R -)• 1 be a smooth mapping such that 
^r{ x ) — 1 f° r \ x \ < -R an d V-R^) = f° r > -R + 1. Observe that 



x (H) (w)-.= x (J) HMH 2 ) 

belongs to Cl(H), and thus also to C^(V). Therefore, tp*x^ £ ^lOO- Denote by 
S( R \T) the expression in (I6.2ip with replaced by x ■ 

Let e > be arbitrary. Using the same argument as in the proof of Lemma 16.31 one can 
show that for any e > there exists a sufficiently large R > 1 and To > so that 

r>T, 



< 
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Likewise, we can choose R > 1 and T > so large that 

By Corollary 15.31 we have 

\\PM l) X (R) ) - ^M ] X {R) )h < Ce-^U^ R %, Wt > 0. 
In consequence we conclude that 



e 



Hence, 



limsup \Sij(T) - (fi^^'x 



hm S^(T) = (^,^ X {R) )- 

T— >+oa 



< limsup \S %3 {T) - S^(T)\ + \(fi„^x {R) ) ~ (^^X U) )\ < e. 



This proves that 



hm S ij (T) = { t t. 1 j>®x U) ). 

T— >-+oo 



We have shown therefore part 2) of the theorem with 

(6.22) hm Dij(T) := (/i*,#X (j) > + (/*.,$V°>- □ 

1 — >+oo 

6.4. Proof of part 3). 

6.4.1. Reduction to the central limit theorem for martingales. Note that 

(6.23) -±=J Mu(s))ds = ^=M T + R T , 
where 

(6.24) M T :=x(w(T))-x(w(0))+ C A(u(s))ds 



and 

Rr := JL [ X (o,(0)) - x(u;(T))] 



Proposition 6.4. The process {Mt, T > 0} is a square integrable, two dimensional vec- 
tor martingale with respect to the filtration {JFt,T > 0}. Moreover, random vectors Rt 
converge to 0, as T — > +oo, in the L l -sense. 

The proof of this result is quite standard and can be found in [16], see Proposition 5.2 
and Lemma 5.3. 
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6.4.2. Central limit theorem for martingales. Assume that {Ai n , n > 0} is a zero mean 
martingale subordinated to a filtration {# n , n > 0} and Z n := Ai n — M. n -i for n > 1, 
is the respective sequence of martingale differences. Recall that the quadratic variation of 
the martingale is defined as 

n 

(M) n = y *T l E[Z?\$ j -. 1 ], n>\. 

The following theorem has been shown in [16], see Theorem 4.1. 

Theorem 6.5. Suppose also that 
Ml) 

(6.25) supE^<+oo, 



n>l 



M2) for every e > 0, 



lim 



i=o 



M3) there exists a > suc/i i/jai 



(6.26) 



lim lim sup - ^e|— E (M) mK - (M)( m -i)K $( 



m=l 



M4) /or every e > 



mif-l 



m-l)^ 



(6.27) 

Then, 
(6.28) 

and 
(6.29) 



lim limsup — V V E[l + - M (m -i)id > eViK] = 0. 



m=l j=(m—l)K 



lim 



E{M) 



N 



N 



a 



lim Ee WMN ^ = e-° 202 l\ V(9 G 



7V->oo 



6.4.3. Proof of the central limit theorem for Mj- / yT. We prove that M n J y/n, where n > 1 
is an integer, converge in law to a Gaussian random vector, as n — > +oo. This suffices 
to conclude that in fact Mt/VT satisfy the central limit theorem. Indeed, let Z n : = 
M n — M n -\ for n > 1. Note that for any e > 



(6.30) 



lim sup \M T /VT - M N /y r N\ = 0, P - a.s. 

AT->oo re [jv,JV+l) 



For a given £yv > we let 

A^v := [ sup \M T /VT - M N /VN\> e N }. 

Te[N,N+l) 
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We have 

r[A N ] < p| 
< 



sup 

T&[N,N+1) 



M T -M N \> e N VN/2} + F[\M N \ [N~ 1/2 - (N + 1)" 1/2 ] > e N /2] 

N 



c c 

E|Z W+1 | 4 + 



N 2 e% 



N 3 e 



N j=l 



The last inequality follows from the Doob and Chebyshev estimates and the elementary 
inequality N~ 1/2 - (N + iy 1/2 < CN~ 3/2 that holds for all TV > 1 and some constant 
C > 0. We denote the first and second terms on the right hand side by In and II n, 
respectively. We claim that there exists C > such that 

14 <C, ViV>0. 



(6.31) 
Indeed, we have 



EZ 



N+l\ 



E\Z N+1 \ 4 < C <E\ X (uj(N + 1) 



E| X (u;(iV))| 4 + E 



N+1 _ 4 

V>* (u(s))ds 



N 



To estimate the first two terms appearing on the right hand side we use ( 16.121) and then 
subsequently (15.31) . We conclude that all these terms can be estimated by a constant 
independent of N. The last expectation can be estimated using (16.11) by 

2 1 r „! ,2\ 



CE 



N+1 



\u(s)\\ 2 ds 



N 



C(fi P N ,E 



\cj(s; -)|| 2 ^ 5 



Applying (IB. 21) and then again (I5.3P we obtain that also this term can be estimated inde- 
pendently of N. Hence 

C 



In < 



On the other hand, from (I6.3ip we conclude also that for some constants C, C\ > inde- 
pendent of iV we have 

C sr-^ „, „ |2 ^ Ci 



II 



N 



N 3 F 2 

iV £ N k= l 



< 



N 2 e 2 N 



Choosing en tending to sufficiently slowly we can guarantee that 

N>1 

and (I6.30p follows from an application of the Borel-Cantelli lemma. 

Choose o6t 2 and let M. n '■= M n ■ a. Condition Ml) obviously holds in light of (I6.3ip . 
Condition M2) also easily follows from ( 16.31f) and the Chebyshev inequality. Before ver- 
ifying hypothesis M3) let us introduce some additional notation. For a given probability 
measure \i on H and a Borel event A write 

P M [A] := / P[A|w(0) = w}fi(dw). 
Jh 
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The respective expectation shall be denoted by E M . We write and K w in case of \i = S v 
We can write that 



K-l 



K 



(M) mK - (M) (m-l)K 5"( 



(m-l)K 



K 



Y,P^H{m-l)K)) 



3=0 



with V(w) := E w Ml- Suppose that a 2 = (//*, Let also *(u>) := - cr 2 

1 K_1 

j=0 

and 

S K {w) :=\Sk(w)\- (jj,*,\S k \), w e H. 
We can rewrite the expression under the limit in (I6.26P as being equal to 

1 1 \\ K ~ X 

7 E E \k E - 1)^)) = wf , i^d> 



(6.32) 
where 



m=l j=0 



m=l 



It is obvious that the second term on the right hand side of (I6.32p does not contribute to 
the limit in hypothesis M3). We prove that 



(6.33) 



lim V> Qf,£ K )=0. 



m=l 



Then M3) shall follow upon subsequent applications of (I6.33p . as £ — > +oo, and Birkhoff's 
individual ergodic theorem, as K — > +oo. To prove (I6.33P it suffices only to show that the 
function Sk(-) is continuous on H and for any K fixed there exists a constant C > such 
that 



(6.34) 



\S K (w)\<CeJw), MweH. 



Equality (16.331) is then a consequence of the fact that measures /loQf converge weakly to 
//* as £ — > +oo, and estimate (15. ip . Continuity of Sk(-) follows from the fact that ^ G B u . 
On the other hand estimate (I6.34p follows from the fact that for any j > 1 fixed there 
exists a constant C > such that 



(6.35) 



PjV{w) < Ce u (w), w EH. 
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The last estimate can be seen as follows 

2 



< |a| 2 E w |Mi| 2 = \a\ 

(6.36) 



V \p 1 [x {i) } 2 (w) + {x { Hw)} 2 + 2 /* P.^Wp^W)^) ds 



+2/ ds P^(#P s _ s #)M^ / + 2( X «P lX »)H + 2x (i) H / p s #hM. 
jo Jo Jo J 

Using estimates (15. ip and (I6.12p we conclude that for any v > there exists a constant 
C > such that 



^(w)<CeJw), VweH. 



Hence, using again (15. ip . we conclude (16. 35 p . This ends the proof of hypothesis M3). 
Finally we verify condition M4). For that purpose it suffices only to prove that 

1 K ^ 

lim lim sup — } (voQf , G(.,j) = 0, 



3=0 



where 

Gtj(w) := E w \l + \Z j+1 \ 2 , \Mj\ > eVlK 
The latter follows if we show that 



(6.37) 

From the Markov inequality we obtain 



limsup(yU Q £ , Ggj) = 0, V j = 0, . . . , K - 1. 

£->+oo 



p 



\Mj\> eV£K 



< 



EJM. 



wr^2 1 
eViK 



<h + I- 



2- 



where 



and 



w 



i=l 
2 



Using (I6.12p we conclude that 



i=i 



h < 



Cie u (w) 



eViK 



On the other hand, we have 



and from flB.3|) we get that 



h < -S=i 



ey/lK 



\cu(s)\\ds 



C 3 eJw) 
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Summarizing, we have shown that for any R > 0, 



(6.38) 

Furthermore, 
(6.39) 



sup ¥ w 

\w\<R 



\Mj\ > eV£K\ 



< 



C 



sup E. 

\w\<R 

2 

1=1 



[|Z j+1 | 2 , \Mj\ > eViK 



2 | sup E w { [ x ®( u (j + 1)) - X W (^(J'))] 2 , \Mj\ > sVIk] 



+ sup E w 

|w|<-R 



J+ 1 n 2 

(0 



^ j (o;(s))ds , IM,-] > eV#T 



< C sup sup E w e„(a;(t)), \Mj\ > eV£K 
te[o,K] \w\<r L 

for some constant C independent of I. The above argument shows that 

lim sup \Gij(w) \ = 0. 
e-*+oo \ w \<r 

To obtain (I6.37P it suffices only to prove that for 5 > as in H3) we have 
(6.40) 

Note that 
(6.41) 



limsup^oQf , Gj+ 5/2 ) < VK > 1, < j < K - 1. 



£->+oo 



(^Qf,G 1 + 5l2 )<m iloQf {l + \Z j+1 



2\l+<5/2 



This however is a consequence of (15. ip . Thus condition M4) follows. 
Summarizing, we have shown that 

2 



lim exp 

71— >+CO 



A7 



where 



exp 



2 ^ 



X {P) (^(1;^))-X (P) H+ / ^ w (w(s;«j))da 



After a somewhat lengthy, but straightforward calculation, using stationarity of /i* and the 
fact that 



x w - X 



(i) 



U) 



0, Vs>0 



Jo 

we conclude that coincides with the expression on the right hand side of (16. 22 p . □ 

7. Proof of the results from section [5] 
7.1. Proof of Theorem 15.11 Part 3) is a direct consequence of parts 1) and 2). 



(7.2) 
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7.1.1. Proof of part 1). Suppose that u(t) := u(t;w). From (IB. 2D to conclude that for 
v G (0, u ], where u = 1/(4||Q||), there exists a constant C > such that 

(7.1) Eexp{ v\u{n + 1)| 2 } < CEexp |g^|o;(n)| 2 } , Vn > 0. 

Let q = e~ l l 2 . The right hand side can be further estimated using Jensen's inequality 

CEexp {qu\u{n)\ 2 } < C (Eexp {u\u(n)\ 2 }) q < C 1+q (Eexp {qu\u(n - 1)| 2 }) 9 . 

Iterating this procedure we conclude that for any n > 

Eexp {u\u(n + 1)| 2 } < C 1+q+ - +qn {exp {g n+ V|u;(0)| 2 }} 

< C 1/(1 ~ q) exp{v\w\ 2 } . 
Therefore (cf. part 3) of Lemma A. 1 of [9j) we have the following. 
Lemma 7.1. There exists a constant C > such that 

(7.3) Eexp {u\u(t;w)\ 2 } < Cexp {u\w\ 2 } , Vt > 0, v G (0, u ], w G H. 

The above lemma obviously implies (15. ip . 

7.1.2. A stability result of Hair er and Mattingly. In our proof we use Theorems 3.4 and 
3.6 of [9], which we recall below. Suppose that ("H, | • |) is a separable Hilbert space with 
a stochastic flow $ 4 : % x Q — > H, t > 0, i.e. a family of C 1 -class random mappings of % 
defined over a probability space (f2, J 7 , P) that satisfies $t($ s (x; w); a;)) = $ f+s (a;; w) for 
all t, s > 0, x G ft and P a.s. u G f2. We assume that Pt and Pt(x, ■), x G ft, are transition 
semigroup and a family of transition probabilities corresponding to the flow, i.e. 



PMx) 



J </>(y)P t (x, dy) = E0($ t (x)), V0 G 5(H), x G ft. 



Here P(ft) is the space of Borel and bounded functions on ft. The dual semigroup acting on 
a Borel probability measure /x shall be denoted by \xP t . We adopt the following hypotheses 
on the flow. 

Assumption 1. There exists a measurable function V: ft — > [1, +oo) and two increas- 
ing continuous functions V*, V* : [0, +oo) — > [1, +oo) that satisfy 

1) 

V*{\x\) < V(x) < V*{\x\), VxGft, 

and lim a _^ +00 K(a) = +oo, 

2) there exist C > and Ki > 1 such that 

aV*(a) < CV^(a), Va > 0, 

3) there exist k < 1, C > and a decreasing function a : [0, 1] — > [0, 1] with a(l) < 1 
such that 

E lV K ($ t (x)) (1 + \D$ t {x)[h]\)] < CV a{t)K (x), Wx, hen, \h\ = 1, 

and t G [0, 1], k G [kq, k±]. Here D^ t (x)[h] denotes the Frechet derivative at x in 
the direction h. 
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Assumption 2. There exist C > and k 2 G [0, 1) such that for any e G (0, 1) one can 
find C(e),T(e) > 0, for which 

(7.4) \DP t cj>(x)\ <CV^(x){c(e) [P t (|0| 2 )(x)] 1/2 + e [P t (\D<f>\ 2 )(x)] 1/2 

for all x G ft, t > T(e). 

Introduce now the following family of metrics on ft. For k, > and x, y G ft we let 



d K (x,?/):= inf / y K i 

cen(a;,!/) Jo 



c(t))|c(t)|dt, 



where the infimum extends over the set H(x, y) consisting of all C 1 regular paths c: [0, 1] — > 
ft such that c(0) = x, c(l) = y. In the special case of n = 1 we set d = di. For two Borel 
probability measures fa, fa on H denote by C(fa, fa) the family of all Borel measures on 
ft x ft whose marginals on the first and second coordinate coincide with fa, fa respectively. 
We denote also by 

d(fa,fa) ■■= sup [\{fa,(j)} - {fa,4>)\ ■ Lip(0) < 1] . 

Here Lip(0) is the Lipschitz constant of 0: ft — > M in the metric d(-, •). By "Pi(ft,d) we 
denote the space of all Borel, probability measures on ft satisfying J n d(x, 0)fa[dx) < +oo. 
Let A C ft x ft be Borel measurable. For a given t > and x, y G ft denote 

V t {x, y; A) = sup \p\A\ : /x G C(P t (x, •), P t (l/, ■))] • 

Assumption 3. Given any n G (0, 1) and 5, R > there exists T > such that for any 
T > Tq there exists a > for which 

inf V T (x,y;A StK ) > a. 

\x\,\y\<R 

Here, 

A 5 , K := [(x,y) G ft x ft: d K (x,y) < 5], Vk,5 > 0. 

Theorem 7.2. Suppose that Assumptions 1, 2, 3 stated above are in force. Then the 
following are true: 

1) there exist C, 7 > such that 

(7.5) d(faP t ,faP t ) < Ce~^d(fa,fa), Vfa,fa G Pi(ft,d), 

2) t/iere exists a unique probability measure fa G Pi(ft,d) invariant under {P t , t > 
0}, i.e. fi* = faP t for all t > 0, 

3) we have 

(7.6) ||P t -{//*,</>> || Li p < Ce-^||0- {^,0)|| Lip , V0 G C\U), t > 0. 
ftere 

x ^y d[x,y) 

7.1.3. Proof of part 2). 
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Verification of Assumption 1. Denote W) := u(t; w, W), where W is the cylin- 

drical Wiener process appearing in fl4.ll) . Let 

(7.7) t{t;w,£):=D$ t {w)[t], £ E H. 

In what follows we suppress w and £ in our notation when their values are obvious from 
the context. Define V(w) := K(|w|) = V*(|t/;|) = e u ^ . Assumption 1 of Theorem 17.21 is 
a consequence of the result below and estimate (IB. 21) shown in the Appendix [B] 

Proposition 7.3. For any v > there exists C > such that 

(7.8) m\ < l£|expL [ \\u(s)\\ 2 ds + Ct 



and 

U(s)\\ 2 ds^ < |£|expj^ \\co(s)\\ 2 ds + Ct^ , Vt > 0, P - a.s. 

Proof. Note that £(t) satisfies a (non-stochastic) equation 

(7.9) d t m = A£{t) - V (t) ■ Vm - £(£(*)) ■ Vw(0 

+77(t, 0) ■ V£(t) + £(f (t))(0) • Vw(t), £(0) = £ e H. 

Hence, 

^iewr = -2iiewf - 2</c(eco) • v«(o,e(*)> + 2</c(e(o)(o) • vw(*),ew>- 

Using (1A.5I) and (1A.6I) (for r = 1/2) we conclude that for some deterministic C > 0, 

mt)\ 2 < -2\m\\ 2 + cm\iMHt)\\m\ 

<-2\\m\\ 2 + ^\Ht)\\ 2 \m\ 2 + ^\m\i/2- 

An application of the Gagliardo-Nirenberg inequality (12. 2 p with s — 1, (3 = 1/2 yields 

m\i/2<cu(t)\\ 1/2 \m\ 1/2 

for some constant C > 0. In consequence, there exist C, C\ > such that 

(7 10) $l£(*)l 2 < -lieWII 2 + v\Mt)\\ 2 m\ 2 + ^;ieWI 2 

<-iie(t)ii 2 + (Hi^wn 2 + Ci)iewi 2 . 

Estimate (17.81) follows upon an application of Gronwall's inequality. In addition, from (I7.8P 
and (I7.10P we conclude that there exists C > such that 

Jo Jo 

< Kl 2 + lei 2 j\v\Hs)\\ 2 + C) exp ji/ jT frfn + Csj ds 

\\u(s)\\ 2 dt + Ct 



< |£| 2 exp{i/jf 
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7.2. Verification of Assumption 2. Here we follow the ideas of Hairer and Mattingly, 
see [9]. Suppose that \1> : H — > H is a Borel measurable function. Given an (J r t )-adapted 
process g: [0, oo) x f2 — > H satisfying E J * |<? s | 2 (is < +oo for each t > we denote by 
D g ty(u)(t)) the Malliavin derivative of ^(u(t)) in the direction of g; that is 

V g m(u(t] w)) := lim - [®(cu(t; w,W + £#)) - V(u(t; w, W))} , 

ej,0 £ 

where the limit is understood in the L 2 (Q, J 7 , P; %) sense. Recall that u g (t; w) := u(t; w, W+ 
g) solves the equation 

duj g {t- w) = [Au g (t) - B (u g {t] w)) + B i (cu g (t ; w))]dt + QdW{t) + Qg(t)dt, 

The following two facts about the Malliavin derivative shall be crucial for us in the sequel. 
Directly from the definition of the Malliavin derivative we conclude the chain rule: suppose 
that e Ct(H;H) then 

(7.12) Vg^(u(t;w)) = D^(u(t;w))[D(t)], 

with D(t;w,g) =: V g u(t;w), t > 0. In addition, the integration by parts formula holds, 
see Lemma 1.2.1, p. 25 of [23]. Suppose that ^ G C£(H) then 



(7.13) E[V g V(u(t;w))] = E 



*{u>{t;w)) / {g(s),dW(s)) 



o 



In particular, one can easily show that when H = Ti and \P = /, where / is the identity 
operator, the Malliavin derivative of u(t;w) exists and the process D(t;w,g) (we omit 
writing w and g when they are obvious from the context), solves the linear equation 

^(t) = AD(t) - 77(f) ■ VD(t) - 5k(t) ■ Vu(t) 

(7.14) + V{t, 0) • VD(t) + 5k(t, 0) • Voj(t) + Qg(t), 

D(0) = 0. 

Here 5k(t) := JC(D(t)). Denote p(t; w,£) := £(t) - V g cu(t; w). We have the following. 

Proposition 7.4. For any u, 7 > there exists a constant C > such that for any given 
w,!; <E H one can find an (^-adapted H-valued process g(t) = g(t,w,£) that satisfies 

(7.15) supE|p(t;w;,0| 2 < Ce v {w)e^\ Vt > 0, 

l«l<i 

and 

/•oo 

(7.16) sup / E|p(s,w,0| 2 ds < Ce„(w), \/wEH. 
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We prove this proposition shortly. First, however let us demonstrate how to use it to 
finish verification of Assumption 2. We have 

DP t cf>(wm = E { D<j>(u>(t; w))[D(t)}} + E {Dc/>(u(t; w))\p(t; w, £)]} . 

Using the chain rule, see (17.12jl . the right hand side can be rewritten as 

E {V g <j>{u{t;w))} + E {D<t>{u{t;w))[p{t;w,t)]} 

= EU(u(t;w)) [ (^( S ),dM/( S ))l+E{L»0(a;(t;w))[p(t;w,e)]}. 



The last equality follows from integration by parts formula (17. 13ft . We have 



EU(u(t;w)) / (g(s),dW(s)) 



< (Pt\(j>\ 2 (w)) E / \g(s)\ 2 ds 



and 

|E {D<t>(u(t;w))[p(t;w,m\ < (P t \D<P\ 2 (w)) 1/2 (E \p(t; w, 0| 2 )^ 2 • 
Hence, by (I7.16P and (17.151) . given k 2 6 (0,1), v > , the corresponding V{w) = e u (w) 
and £ G (0, 1), we conclude estimate (17.41) with T , C(s), such that 

✓•oo \ 1/2 

E / \g(s)\ 2 ds) < C(e)V K2 (w) 



and 

sup sup {E|p(t;u>,0| 2 } 1/2 < eV K2 {w). 

|£|<li>T 

Therefore Assumption 2 will be verified, provided that we prove Proposition 17.41 

Proof of Proposition \7.4\ We assume first that ^ for all k E 7*1, see (I2.5p . Let us denote 
by Ii> jy the orthogonal projection onto span |e lA:x : |fc| > iV} and let H<:n :— I — n>jv. 
Write 

B ■= -B + Si, B s (h, u) := w) + B(u, h), 
Bi jS (-, •) for the symmetrized forms corresponding to Bi, i — 0, 1, and 

Ajv := il>ArA, Qjy := n>Ar5, := n<ArA, := n<Ari?. 

Let (C(0)*>o be the solution of the problem 

^(t) = -AjvC(*) + n>^( w (t ;w ),c(t)) - ^CvWICvWr 1 , 

(7.17) 

C(o) = £, 

for a given integer AT > 1. Here Cv(^) := n<7vC(^)- We adopt the convention that 

(7.18) (^K^r 1 :=0 if 0v(t) = 0. 
Let 

(7.19) := Q- l f, 
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where 

(7.20) /(*) := -A^C(*) + n <N B s (u(t)X{t)) + ^Cjv(*)|Cjv(t)| _1 . 

Note that / takes values in a finite dimensional space. Recall that p(t) =£(£) — -D(t)- The 
proof of the proposition in question shall be achieved at the end of several auxiliary facts 
formulated as lemmas. 

Lemma 7.5. We have 

(7.21) pit) = C(t), Vt > 0. 
Proof. Adding f(t) to the both sides of fjT.lTj) we obtain 

(7-22) ^ { t) + f(t) = -A((t) + B s (u;(t),C(t)), C(0) = £. 

Recall that and Z)(t) satisfy equations (17.91) and (17. 14[) . respectively. Hence pit) 
satisfies 

p(o) = e 

Since, /(i) = Qg(t) we conclude that pit) and £(£) solve the same linear evolution equation 
with the same initial value. Thus the assertion of the lemma follows. □ 

Lemma 7.6. For each N > 1 we have 

(7.23) ( N (t) = 0, Vt > 2, 
and 

(7.24) |Gv(t)|<l, Vt>0. 

Proof. By Lemma [7751 we have p(-) = ((■). Applying n<jv to both sides of (17.171) we obtain 

(7.25) 5^ = -llOrWI-CCO, 

C(0)={. 

Multiplying both sides of ( 17. 25ft by Cjv(i) we obtain that z(t) := |Civ(^)| 2 satisfies 

(7.26) ^f(*) = -2^(*), ^(0) = le| 2 - 

Since < z(0) < 1 the desired conclusion holds from elementary properties of the solution 
ofo.d.e. (E26]). □ 

Let C (A °W : = n>jvC(*)- We have 

(7.27) j t \C^ N \t)\ 2 = -2\\C {N \t)\\ 2 + (U> N B s (u(t;w),C(t)),C {N) (t)), C (A °(0) = U> N £. 
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We shall use the following estimates, see Proposition 6.1 of [2]. There exists C > such 
that 

(7.28) \(B (h,u 1 ),u 2 ))\ < C|/i| ai _i|u;i|i +S2 |w2|s3> v/l e H ai -i,ui G H 1+S2 ,u 2 G if Ss , 
for all si, S2, S3 > such that si + S2 + S3 > 1. When, in addition s\ > 1 we have 

(7.29) \(Bi(h,u 1 ),u 2 )}\ < C r |/i| ai _ 1 |w 1 |i +S2 |w2|,3, V/i G H^-x^x e #i +S2 ,u;2 G # S3 . 

With the help of the above inequalities we can bound the symmetric part of the bilinear 
form B(-,-) as follows. 

Lemma 7.7. For any e G (0, 1) and v > i/iere exzsis a constant C > swc/i i/iat 

(7.30) |<B>(t ;U ;),C(t)),C (7V) W>l 

< <^ ^ j|c^c^; II s ) IC C ^^ C^) I s II C^) II s c^llc^c^; ^) II 2 IC^C^) I 2 - 

Proof. From (17.281) we have 

\(B (co(t;w)X(t))X (N) (t))\ = \(B (u(t;w),(W(t)),((t)}\ 

< ^)| 1/2 ||C C7V) (^)1I IC(^)I < ^IIC^^^)!! 2 ^Ic^Ci; ^)|? /2 |C(^)| 2 - 

Using the Gagliardo-Nirenberg and Young's inequalities we get 

CiKt; w)\\ /2 < ~||a;(t; w)\\ 2 + C 2 \u{t; w)\ 2 
for some C 2 > 0. This yields 

Likewise, 

\{B (C(t),u;(t; W )),C iN \t))\ <C\\co(t;w)\\\C {N \t)\ 1/2 \at)\ 

< |||u;(t; W )|| 2 |C(t)| 2 + C 1 |C (iV) WI?/2 

< "-\MtMf K(t)| 2 + ±\\C {N) (t)f + C 2 |C (JV) (*)I 2 - 

On the other hand 

|(5i(u;(t;tu),C(*)),C (JV) (*))| = K^iM*! «,), C (A °W), C W (*)}| = 

and 

(7.31) |(iMC(*)M*;«0U (JV) (*)>l <C\\u(t;w)\\\(( N \t)\\((t)\ 1/2 . 
Note that 

\C(t)\l /2 = \(N(t)\l /2 + \C [N) (t)\l /2 < N\( N (t)\ 2 + \(^(t)\l /2 . 

With this inequality we can estimate of the right hand side of (17.311) by 

CiVV 2 ||a;(t;^|||C^H0IICiv(0l+^l^^^)lllC W WllC (JV) (0li/2- 
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The first term can be estimated by 

C 1 \\u(t-w)f\C N (t)\ 2 + eN\C^(t)\ 2 . 
The second term is less than, or equal to 

< ^\Ht; w)\WW + ^IIC W (*)|| 2 + C 2 \(^(t)\ 2 . 
Summarizing the above consideration we have shown (17.301) . □ 

Proof of (17.151) . Performing the scalar product in H of both sides of ( 17.1 7ft against C (t) 
and using Lemma [7.51 we conclude that 

f t \c {N) (t)\ 2 < -nc [N \t)\\ 2 + 2( e iv + c + u -\Ht; W )ii 2 )ic (Ar) wi 2 

(7 ' 32) < - 1 -\\c {N) (t)r + [-N* + 2(eN+c)} K^wr 

+ u\\co(t;w)\\ 2 \C W (t)\ 2 + C\\u(t; ^) 1 1 2 1 Cv (*) 1 2 , 

C(0) = £. 

Suppose that N is such that 

(7.33) N 2 - 2(eN + C) > max{iV 2 /2, 7 + tr Q 2 }. 

Then, solve (I7.17P and determine g(t) via (17.191) . According to Lemma [7.51 the difference 
pit) = £(t) — D(t) equals ((t). From (I7.32p we conclude via Gronwall's inequality that 

(7.34) ' 

|C (Aro) (*)| 2 < \{ {No) {0)\ 2 exp{-7t-tiQ 2 t + v [ \\u(s;w)\\ 2 ds 



10 

ft 

2u „\ , / II. J'. _..M|2i I II. ./ M|2|/- /„M2. 



+ Cy exp^- 1 (t-s)-trQ 2 (t-s) + u j \\io(r;w)\\ 2 drj \\u(s;w)\\ 2 \( No (s)\ 2 ds, 

C(0) = £■ 

From Lemma 17.61 the second term on the right hand side of ( 17. 34ft can be estimated by 
Cexp{- 7 (t-2) -trg 2 (t-2)}exp|z/^ \\u(r; w)|| 2 dr| J \\u(s;w)\\ 2 ds 
< Ciexp{-7(t-2) -trg 2 (t-2)}exp|z/'^ \\uj(r; w)|| 2 drj , 
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provided that v' > v. Therefore 



rtV2 

|C (JVo) (*)| 2 < |C (JVo) (0)| 2 exp {-jt-trQH + u I \\cu{s;w)\\ 2 ds 



(7.35) 



+ d exp {- 7 (t - 2) - tr Q 2 (t - 2) } exp ji/ jf 

c(o) = e 



<V2 

2 



cu(r; u>)|| dr > , Pa.s 



for all t > 0. Estimate (I7.15p . with ej/(u>) appearing on the right hand side, is then a 
consequence of the above bound, Lemma [7.51 and estimate (1B.3I) if only < v < v' < uq. 

Proof of f)7.16p . To prove the estimate observe that from (I7.19p . (17.201) and (17.231) it follows 
that 

\g(t)\ = |Q- 1 n <JVo ^ s (o^(t), C(*))] < |<7o(t)| + |<7i(*)|, Vt > 0, 

with 

9i (t) := Q-'U^B^it), C(t)), i = 0, 1. 
7.2.1. Estimates of \gi(t)\. Note that for t > 2, 

\ 9l (t)\ = iQ-^McWWMm < c||c (Aro) (t)lll|n <Aro u;(t) < CN \\(W(t)\\\u;(t)\. 

The last inequality holds because 

(7.36) \\U <No w\\ < N \w\, ^weH. 



Therefore 



with 



rp 

E J \ 9l (t)\ 2 dt<CJ(T), 



T 



J(T):=E J \\^ No \t)f\co(t)\ 2 dt. 

We use (02) to get 

(7.37) J(T) < -2E [ T ^-\(( No \t)\ 2 \u(t)\ 2 dt + 2vE C \uj{t)\ 2 \\uj{t; w)\\ 2 \( {No) {t)\ 2 dt. 

J2 at J 2 

Denote the terms appearing on the right hand side as Jt(T), i = 1,2, respectively. We 
have 

J X (T) = 2E [ T \^ N °\t)\ 2 d\cu(t)\ 2 - 2E|C (JVo) (*)!>(*) I' 



The boundary term appearing on the right hand side is easily estimated by Ce u (w), by 
virtue of (17.351) and (IB.2p . As for the integral term, using (IB.ip and the already proven 
(I7.15p . we can estimate it by 

2E I \C (No) (t)\ 2 (tiQ 2 -2\\co(t)\\ 2 )dt<Ce u (w) [ e^dt < de u (w). 

J2 J2 
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Next, we can write 

J2(T)<J 2 i(T) + J 22 (T), 

where 



J 21 (T) :=2z/|C (7Vo) (0)| 2 E J \u(t)\ 2 \\uj(t-w)\\ 2 e^ +trQ >'exp|i/ J \\u(s; w)\\ 2 ds } dt 
J 22 (T) :=2vdE [ T \u(t)\ 2 \\u(t;w)\\ 2 e^ +tlQ2)t exp L' f \\u(r; w)\\ 2 dr\ dt. 



Observe that 



J 21 (T) <2E^ \u(t)\ 2 e-^ Q ^j t exp^u \\u(s; w) || 2 ds| dt = ^ J 21i (T), 



where 



J 211 (T) :=2e- (7+trQ )4 E j|w(t)| 2 exp jz/ J \\u(s; w) \\ 2 ds 
J 212 (T) := 2( 7 + tr Q 2 ) ^ e"^ +tr Q ^E j | 2 exp j v jf 
J 2 is(T) := -2 £e-^ 2 »E jexp L jf 



Icjfs; it)) II <is > > 



£j(s;w)|rds Mw(t)| 



We have 



■W^) < Ce- (7+trQ2)T Eexp (T; w)| 2 + i/ y 



ie ' e^wj. 



The last inequality follows from (IB. 31) . On the other hand, by the same token 
J212CO < CE^e-^^expjz/lw^l' + z/^V^;^)!! 2 ^}^ 
< C 2 e u (w) J e-^dt < C 3 e u (w), VT > 2 



and finally 



< Ce£ ||a;(t)||V (7+trQ2) * exp ji/ jf* w;)|| 2 ds| 

Repeating the integration by parts argument used before we conclude that also 

J 2 is(T) < Ce v (w), VT > 2. 
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Summarizing, we have shown that Jn(T) < Ce„(w), for T > 2. In the same way we can 
argue that J2i(T) < Ce v (w), thus also 

MT) < Ce„(w), VT > 2. 

Finally, for t G [0,2] we use (I7.36P to obtain that 

\ 9l (t)\ = \Q- 1 Il <No B 1 , s (((t),uj(t))\ 

< C(||C (JVo) (t)|| +N \(N (t)\) Mt)\ + CN \\ U (t)\\\C„M- 



We have therefore 



with 



f E\ gi (t)\ 2 dt<J 31 + J 32 , 
Jo 

Jai :=C [ 2 E\\C {No \t)\\ 2 \co(t)\ 2 dt, 
Jo 

J 32 :=C [ 2 E(\u(t)\ 2 +\\u(t)\\ 2 )dt. 



It is easy to see from ( IB. II) that J32 < Ce y (w). Term J31 satisfies an estimate analogous to 
( 17.37!) . we can wr he therefore that 

where J311, J312 are defined as the corresponding expression on the right hand side of 
(I7.37P with the limits of the integrals appearing on the right hand side replaced by and 
2 correspondingly. In the case of J311 we proceed in the same way for Ji(T) and end up 
with the bound J311 < Ce u (w). On the other hand, from (17.341) we get 

(7.38) J 3 i 2 < CE [ \\u(t;w)\\ 2 \u{t)\ 2 exp \v [ \\u(s)\\ 2 ds\ dt 



Jo (. Jo ) 

+CE j 2 ^V(s)||VW| 2 |I^Wirexp|z/^V(^)f^}^. 

Repeating the argument with the integration by parts we have used in the foregoing we 
conclude that the first term on the right hand side is estimated by e u (w). The second term 
equals 

—E \u(t) \ 2 \\co(t) \\ 2 dt jf j- exp ^uj* \\cj(r) \\ 2 dr | ds 

< ^-eJ 2 \u(t)\ 2 \\co(t)\\ 2 exp |z/ J* \\u(r)\\ 2 dr^ dt. 

From here on we estimate as in the foregoing and conclude that this term is less than 
e v (w). Summarizing, we have shown that 

J(T) < Ce v (w), VT > 2. 
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7.2.2. Estimates of g (t). We start with the following. 
Lemma 7.8. (cf. Lemma A.l of For any N there exists CV such that 
\U <N B {h,u)\ < C N \h\-i\u\, V/i e H-i, u e H. 



Proof. Suppose that 

We can write that 

\U <N B (h,co)\ 2 



e k , uj = ^2 &( k ) e k- 



|n <iV V • {K,{h)(x)u{x))\ 2 dx 



<N 2 y, 

0<\k\<N 

From the above lemma we get that for T > 2 



< N 4 \h\\\uj\ z n 



\g (t)\ 2 dt<CI(T) 



with 



I{T) :=E / \C {No \t)\ 2 \uj{t)\ 2 dt 



<CJ E exp | -7* - tr QH + u\u (t)r + v J \\u(s)\\*dsjdb 

+CE^ exp|- 7 (t-2)-trg 2 (t-2) + z/ / |a;(t)| 2 + z/ / ^ ||w(s)|| 2 cfe j dt 
< Cie^(io), 

provided < u < u' < uq. The first inequality follows from (I7.35p . while the second 
from (1B.3[) . This, ends the proof of Proposition 17.41 and according to our previous remarks 
concludes the verification of Assumption 2. 

7.3. Assumption 3. To verified this assumption consider the solution y(t;w), t > 0, to 
the deterministic equation 

dy(t) 



dt 



Ay(t) + B(y(t)), t > 0, 



with the initial condition y(0) = w. Then 



lim sup \y(t; w)\ — 0, Vi2 > 0. 



Fix 5 > and R > 0. Let T n > be such that 



sup d«(y(T;«;),0)<5/4, VT > T . 

\w\<R 
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Since 



W AiQ (t) := / e A ^QdW(s) 
Jo 



is a centered Gaussian random element in the Banach space C([0, T]; V) with the uniform 
norm 

||/||oo,t:= sup ||/(0||, feC([0,T];V), 
te[o,T] 

its topological support is a closed linear subspace (see e.g. [29]). Thus, in particular, 
belongs to the support of its law and for any g > 0, P(i 7 ' e ) > 0, where 

F e = {7reQ: WWa.qWWoo? < Q}. 

Choose Qo > such that 

d K (cu(T;wi)(7r),y(T;Wi))\ < 8/4 for all re G F go , i = 1,2 and \w\ < R, 
and set a := F(F go ) > 0. For any \wi\, \w 2 \ < R we have 

Pr^x, w 2 ; A tf ,„) > P [tt G Q : d K (w(T; ^)(tt), y(T; w t ))\ < 5/4, i = 1, 2] > P(F eo ) = a, 
and thus we have finished verification of Assumption 3. □ 

7.4. Proof of Theorem Q, 

7.4.1. Proof of part 1). Let us fix an arbitrary T > and define ((t) := |w(t)| 2 + t||o;(t)|| 2 
and tiQi := ^ fcgZ 2 l^) 2 ^- By Ito's formula we have 

(7.39) d({t) = [tiQ 2 + ttiQi-2t\tu(t)\l- \\co(t)\\ 2 + 2t(B(u(t)), Au(t)}] dt + dM t 
and 

dM t := 2(QdW(t), (I + tA)u(t)). 
According to ( 1 A. 51) there exist C, C\ > such that 

|(B H,Ao;)| < C|w|i/ 2 ||w|||w|2 < ^M 2 + Cil^l 4 , Vw G # 2 - 
Likewise, from 1 17. 29p with si = 3/2, s 2 = S3 = 0, we have 

\(Bx(oj), Aoj)\ < C|w|i/ 2 ||o;|| \u\ 2 , Vw G i?2- 
With these inequalities we conclude that 

\(B(u),Au}\ < ^|u;|l + Cx|u;| 4 , VueH 2 . 

From here on we proceed as in the proof of Lemma A. 3 of [22] and conclude from 1I7.39P 
that 

(7.40) C(t) < \w\ 2 + ttrQ 2 + t -^Q- + C [ s\io(s)\ 4 ds + U(t), 

2 Jo 

where U(0) = and 

dU(t) = -(t\cu(t)\l + \\u(t)\\ 2 )dt + dM t . 
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U(t)<M t -(a/2)(M) t 

for some sufficiently small a > we conclude from the exponential martingale inequality 
that 

P[ sup U(t) > K] < e~ aK , VK > 0. 
te[o,T] 

This, of course, implies that Eexp {«' sup ig [ T ] U(t)} < +oo for any a' E (0,a). From 
(JEU) we get 

Eexp < v sup |w(t)| 2 } < Ce u (w), 
{ te[o,T] 

which in turn implies that 



E 



sup \u>(t)\ 

t€[0,T] 



iJV 



< C\w 



IN 



Summarizing, the above consideration we obtain from (I7.40p that for any T > and N > 
there exists a constant C > such that 



(7.41) 



E 



sup C 2N (s) 
se[o,T] 



<C{\w\ m + l). 



Thus we conclude the proof of part 1) of Theorem 1 5. 2 1 

7.4.2. Proof of part 2). First note that P t <f)(w) is well defined thanks to the already proved 

Hat. In addition, we have 



estimate ( 15. 41) and the definition of the norm | 
(7.42) e_ u (w)\P t <P(w)\ < \U\\\ N e^(w)(l + E\\u(t;w)\\ N ) < 
To deal with DP t (p(w)[Q we first show the following: 



N: 



Vw e H. 



Lemma 7.9. Suppose that {£(£), t > 0} is defined by (17.71) . Then, for any t, v > there 
exists C > sitc/i i/iat 

(7.43) ||^(t)|| 2 < C||£|| 2 exp jz/^ ||a;(s;w)|| 2 ds + CtJ , Vt > 0, w G £ e V, P - a.s. 
Proo/. Let := |£(t)| 2 + 7||£(£)|| 2 , with 7 > to be chosen later on. We have 

d t at) = -2\m ir - 2 7 |£(t)i 2 + 7 (j3 5 (e(t), co(t)i Am + (am m)- 

Thanks to f 1 7 . 2 8 f) with s\ = 3/2, S2 = S3 = we can find constants C, C\ > such that 

7 KSb(«o,w(*)),Aew>i <c 7 ie(oi2iewii/2ik(oii 

<^ie(t)i^ + c l7 2 ie(t)ine(t)iiii^)ii 2 

< ^Wl 2 . + "K(*)l a K0ll 2 + ^H(t)\\ 2 \Ht)f. 
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Using again (I7.28|) . this time with si = 2, s 2 = s 3 = 0, we obtain 

7 |<£oH*),£(*)),A£(i)>l <C7l^)| 2 ||e(0lllk(0ll 

<^i^)i^ + c l7 2 iie(t)iriiu;(t)ii 2 . 

Also from (17.291) . used with si = 3/2, s 2 = S3 = 0, we obtain 

T i<iM£(t),u;(*)),A£(t)>i < cjimumuMnm 

< + v\m 2 Mt)\\ 2 + ^u(t)\\ 2 \Ht)\\ 2 - 

In addition, 

7 \(B 1 (u(t),£(t)),A£(t))\ = Q- 

On the other hand, 

<v\m 2 \\Ht)f+ci\t{t)\i,2 
<^\m\ 2 \\Hm 2 + l\\m\\ 2 +cMt)\ 2 , 

and 

< v\m\ 2 \\\um a + ci\m\i/2 
<u\m\ 2 \\\^m 2 + \\m\\ 2 +c 2 \m\ 2 - 

Summarizing, for a sufficiently small 7 > and some constant C > we can write that 

d t C(t)< (v\\L0(t)\\ 2 + C) ((t) 

and (I7.43P follows by Gronwall's inequality. □ 

Concerning the estimates of |-DP(0(u>)[£]| we can write that 

(7.44) e- v {w)\DP t <j>(w)[Z]\ = e-„(w) |E[(£ty)(a;(t; «,))[£(*)]]] 
< ||0||Ue_,HE [(l + \\u(t;w)\\ N )U(t)\\] 

(7.45) < C\U\\\ N e^(w) {E(l + ^)||) 2Ar } V2 {E||£(t)|| 2 } 1/2 , WwEH. 

By the already proved part 1) of the theorem and Lemma [7.91 we obtain that the utmost 
right hand side is less than, or equal to 

Cilieil ||MIUe_»(l + M 47V )Eexp jf w;)|| 2 ^ + dt} < C 2 ||£|| |||0||k 
Hence 

e_»||Z>P t 0(™)|| <C 2 ||0|||iv 
and thus we have finished the proof of part 2) of Theorem 15.21 
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Appendix A. Existence of the Markov, Feller family 



Proof of Theorem \4-S\ Given N G N, denote by LTjv the orthogonal projection of H into 
H n := span{efc, < \k\ < N}. Consider the following finite dimensional Ito stochastic 
differential equation 

du>W(t) = [Aw^(t) - B { N) (u (N \t)) - B[ N \J N \t))]dt + QWdW(t), 

(A ' 1} J N \0) = W M G H, 

with wW(t) ■= U N W(t), QW := T1 N Q, and 

B { N \u):=U N B (u), B[ N \u) := HjfB^u), uj G H n . 

The local existence and uniqueness of solution to flA.lj) follows from a result for finite 
dimensional S.D.E.-s. By Ito's formula we get the estimate 

(A.2) E{|^)(T)| 2 + i^ r ||^)(t)fdt} < \w^ 2 + \\Qn\l (HSKHM) T 

From this we conclude that the sequence {u^ N \t), t G [0,T]}, N > 1 is compact in 
L 2 (Q,St)- In addition, 

u W(t) = e At w^ - fe^B^^is^ds + f e A ^ B[ N) (J N \s))ds 



+ / e A ^Q^dW(s). 
Jo 

Any weak limiting point satisfies therefore ( 14. 2ft . To show uniqueness we need the following. 
Lemma A.l. There exists a constant C > such that for all wq, w\ G H, and t > 0, 

(A. 3) |u;(t; w ) — u(t; w%)\ < \w — Wi\ exp < C / \\u)(s; w )\\ 2 ds > , P — a.s. 



Proof. Let p{t) := uj(t; w\) — oj{t\ w ) and r(t) := JC(p(t)). From (17.111) we conclude 

(A.4) ^|p(t)| 2 = -2\\p(t)\\ 2 - 2((r(t) ■ V)cj(t;w ),p(t)) + 2((r(t,0) ■ V)u(t;w ),p(t)). 

To deal with the second term on the right hand side we use the following estimate. Suppose 
that v = )C(h). Then, for any r > there exists a constant C > such that 

(A.5) \((vV)f,g)\<C\\f\\\g\ r \h\, VfeV, g eH r ,heH 

and 

(A.6) \((vV)f,g)\<C\\f\\\g\\h\ r , WgeH,feV,heH r , 

see e.g. (6.10) of [2]. With these two inequalities in mind we conclude from ( 1A.4I) that 

||p(t)| 2 <-2||p(t)|| 2 + C||a;(t;«;o)||b(*)|i/ 2 |^)| 
<-2\\p(t)\\ 2 + C 1 \\co(t;w )\\ 2 \p(t)\ 2 + 2 
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By Gronwall's inequality we conclude then ( )A.3j) . □ 

Appendix B. Semimartingale estimates 
The following result comes from [8], see Lemma 5.1. 
Proposition B.l. Let {U(t), t > 0} be a real-valued semi-martingale 

dU{t) = F(t)dt + G(t)dw(t), U(0) = n , 

with a standard Brownian motion {w(t), t > 0}. Assume that there exist a process 
{Z(t), t > 0} and positive constants &i,&2,&3 ; with 62 > 03, such that F(t) < b\ — biZ{£), 
U(t) < Z(t) and G(tf < b 3 Z(t), F-a.s. Then 

Eexpfat) + &2e " M/4 fz{s)ds\ < b J^p^lM exp {uoe -(W } , V t > 0. 
I 4 J J o 2 — o 3 

Let U(t) := i^|o;(t)| 2 . Using Ito's formula and (14 .11) we obtain 

(B.l) dU(t) = v (trQ 2 - 2\\io(t)\\ 2 ) dt + 2v\Qu(t)\dw(t) 

for some adapted one dimensional standard Brownian motion w. Using Proposition IB. II 
with Z(t) = z/||w(t)|| 2 and 

6 1 = ^rg 2 , 62 = 1, 6 3 = 4^||Q|| 2 . 

(see the proof of Proposition 5.2 of [9] for details) we conclude that (cf (28) ibid.) for 

uq := 1/(4||<5||) there exists a constant C > such that 

(B.2) 

Eexp |^|w(t)| 2 + Yej G II^H 2 ^} - {^k| 2 e"' /2 } , Vt G [0,1], 1/ G [0,z/ ]. 

Using (1B.1I) we can also repeat the proof of point 1) of Lemma 4.10 from [8] and conclude 
that there exist z/q > and a constant C > such that 



(B.3) Eexp <^ z/sup 



t 



o;(t)| 2 + / ||u;(s)|| 2 ds-ttrg J 
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